Abstract
along the timelike fibre, is given by an Ω-deformed Yang-Mills theory with eight supercharges. Taking the radius to infinity then induces a classical RG flow. We construct the fixed point action which has an enhanced 24 supercharges and which can be understood as the (2, 0) theory of M5-branes on flat space reduced along a compact null Killing direction.
Introduction
Understanding the dynamics of M-theory is very challenging because its stable objects are not strings but rather two and five-dimensional objects known as M2-branes and M5-branes. A very useful tool for addressing this question is the AdS/CFT correspondence, which relates the conformal field theory living on a stack of M2-or M5-branes to Mtheory on AdS 4 × S 7 or AdS 7 × S 4 , respectively [2] . The conformal field theory for M2-branes is known and for an arbitrary number of branes has a lagrangian description in terms of a Chern-Simons-matter theory with 24 manifest superconformal symmetries and superconformal group OSp(6|4) [3] . In this description, there is a Z k action, where k is the quantised Chern-Simons level, that allows a weak coupling limit. On the gravity side the Z k acts naturally on the spacelike Hopf fibration of the S 7 and k → ∞ leads to IIA string theory on AdS 4 × CP 3 with constant dilaton.
Much can be learned about the non-abelian M5-brane theory by dimensionally reducing it to five-dimensional super-Yang-Mills theory. There the Kaluza-Klein modes are interpreted as solitons so that the extra dimension is recovered non-perturbatively and it has been argued that this is a complete description [4, 5] (timelike and null reductions were considered in [6, 7] ). While five-dimensional super-Yang-Mills can be used to compute BPS quantities in the M5-brane theory, it remains unclear that it provides a complete description of the M5-brane theory since the five-dimensional theory contains UV divergences [8] , although these could be resolved by soliton effects [9] . In [10] an ABJM inspired approach was adapted to M5-branes by invoking an R × CP 2 reduction of R × S 5 , leading to a novel Yang-Mills theory with 12 supersymmetries and a Chern-Simons term.
More recently, it was shown that rescaling five-dimensional super-Yang-Mills in a nonLorentzian way induces a classical RG flow whose fixed point is a theory with 24 superconformal symmetries [11] and which leads to the DLCQ prescription for the (2, 0) theory [12, 13] . In this paper, we provide a holographic realisation of this phenomenon also inspired by the ABJM construction. Following [1] , we consider AdS 7 as a timelike Hopf fibration over a non-compact complex projective spaceCP 3 and consider M5-brane embeddings at constantCP 3 radius. Reducing along the timelike fibre at finite radius then gives a five-dimensional Yang-Mills theory with eight supercharges whose terms are rescaled in a non-Lorentzian way by the radius and modified by an Ω-deformation [14] . Taking the radius to infinity then induces a classical RG flow whose fixed point is a theory with 24 superconformal symmetries which can be interpreted as a null reduction of the M5-brane theory in the boundary of AdS 7 . We conjecture that the boundary theory is UV complete and provides a lagrangian description for the non-abelian M5-brane theory.
The rest of this paper is organised as follows. In section 2 we describe the AdS 7 × S 4 background of M-theory and its timelike reduction toCP 3 × S 4 , as first discussed in [1] . In section 3 we construct the non-abelian worldvolume gauge theory for N M5-branes oñ CP 3 by reducing a single M5-brane on a timelike circle at finite radius and generalizing the result to obtain a non-abelian Yang-Mills theory with eight supersymmetries along with an Ω-deformation. In section 4 we consider the limit where the M5-branes are taken to the boundary. Here the timelike reduction becomes null. We construct the non-abelian worldvolume gauge theory and show that it has eight supersymmetries plus an additional 16 superconformal symmetries. This provides a holographic realization of non-Lorentzian RG flows recently discussed in [11] . Section 5 contains our conclusions. We also have some appendices which contain our conventions and various formulae.
While we were working on this project we were made aware of related unpublished work by S. Kim, S. Mukhi and A. Tomasiello [15] .
Holographic Setup
According to the AdS/CFT correspondence, the worldvolume theory for a stack of M5-branes is dual to M-theory in an AdS 7 × S 4 background. Following in [1] , we shall consider AdS 7 as a timelike U (1) Hopf fibration over a non-compact complex projective spaceCP 3 :
where i = 1, 2, 3, 4 (see appendix A for further conventions) and the metric onCP 3 is
Note that in this construction x + has period 4πR + and Ω ij is an antisymmetric tensor with nonzero components Ω 13 = Ω 24 = R −1
In this paper, we will mainly consider brane embeddings at constant φ. Restricting the metric in (2.1) to finite φ then gives
Reducing the M5-brane theory along x + therefore corresponds to a timelike reduction, as studied for example in [6] . On the other hand, if we take φ → ∞ this becomes 4) and so reducing along x + at the boundary corresponds to a null reduction, as considered in the DLCQ construction [12, 13] . We will discuss the details of the finite and infinite φ reductions in the next sections.
Now we wish to argue that M5-branes embedded at finite φ preserve eight supercharges, but this becomes enhanced to 24 supercharges at the boundary. In particular, the amount of supersymmetry preserved by the M5-branes corresponds to the number of AdS 7 Killing spinors which are eigenspinors of γ φ [16] . The relevant solutions to the AdS 7 Killing spinor equation were given in [1] and we include their results in appendix B, adapted to our coordinates. In total there are 32 independent AdS 7 Killing spinors. Firstly there are eight ( − 1,8 in the notation of [1] ) which depend on x + but these are not eigenspinors for any value of φ. Thus they would not survive our reduction on x + in any case. Of the remaining 24 one sees that at finite φ only eight ( i and x − . They are naturally thought of as conformal Killing spinors on the M5-brane. In appendix C we derive the corresponding 32 conformal Killing spinors for the six-dimensional boundary metric. Hence, after reducing the M5-brane theory along x + we expect to obtain a theory with eight supercharges at finite φ which flows to a theory with 24 supercharges at the boundary. We will confirm this holographic prediction below by first constructing the the theory at finite φ and carefully taking the limit φ → ∞. 1 We have chosen slightly different coordinates to that of [1] :
2 (x 1 y 1 + x 2 y 2 )) and our AdS 7 has radius R + .
Lastly let us comment on the more traditional embedding of an M5-brane in AdS 7 . As pointed out in [1] the usual radial coordinate, ρ, in AdS 7 is related to φ through:
Placing the M5-branes on surfaces of constant ρ leads to the metric
The problem with this embedding is that the metric depends on x + and so we cannot directly perform a Kaluza-Klein reduction to map the M5-brane dynamics to that of a five-dimensional Yang-Mills gauge theory. On the other hand in the limit ρ → ∞ we find the boundary metric
In fact this is simply six-dimensional Minkowski space, as one would expect to find in the traditional flow to the boundary of AdS 7 (in general the boundary is only defined up to a conformal class). In this case the coordinate x + has a finite range x + ∈ (−πR + , πR + ). However the metrics ds 2 φ→∞ and ds 2 ρ→∞ only differ by a conformal factor and the M5-brane theory, being conformal, is insensitive to this rescaling. 2 So the boundary worldvolume theories will agree.
Thus for embeddings at finite constant values of φ and ρ we obtain two different descriptions of the M5-brane (although we don't know how to construct an action for the case of finite ρ), both coupled to bulk eleven-dimensional M-theory modes. However when we take the limits φ, ρ → ∞ the bulk modes decouple and either embedding leads to a description of the (2, 0) theory of M5-branes on the six-dimensional spacetime with metric
where we have again performed a conformal rescaling to simplify the metric. From the point of view of Minksowski space the coordinate x + in (2.8) takes values in the range x + ∈ (−πR + , πR + ). We can then extend the range to x + ∈ [−πR + , πR + ] to obtain a spacetime we refer to as null conformally compactified Minkowski space. Note however that in this null conformally compactified spacetime x + is not necessarily periodic. However, as we have seen the original AdS 7 boundary corresponds to a periodic x + with period 4πR + . We propose that we can extend the range of
imposing reflecting boundary conditions at x + = ±πR + , making the dynamics of M5-branes on a doubled copy of Minkowski space periodic with period 4πR + , in agreement with the AdS 7 interpretation.
The analogy with the ABJM construction suggests that one should consider orbifolding the fibre by modifying the periodicity of x + in (2.1) to 4πR + /k where k is a non-negative integer. Taking k → ∞ then corresponds to shrinking the fibre while setting k = 1 recovers AdS 7 . However, in this case the act of orbifolding does not seem to have a profound effect as in the case of M2-branes. We will comment further on this in appendix D.
Theory at Finite Radius
Let us first consider the metric at finite φ in (2.3) and reduce the abelian M5-brane theory along x + . In [18] the action of multiple M5-branes reduced on a spacelike fibration was constructed and we will follow their methodology: namely we first consider the dimensional reduction of the abelian theory and then use supersymmetry to construct a suitable nonabelian five-dimensional action.
M5-brane Reduction
Recall that the field content of the abelian theory is a stress tensor multiplet consisting of five scalars, a 2-form gauge field with self-dual field strength H and fermions which contribute eight on-shell degrees of freedom. The equations of motion for the 2-form in the abelian theory are simply
To reduce along the x + direction, we drop ∂ + and re-label in terms of five-dimensional fields as follows:
The dH = 0 equation then implies the following equations in five-dimensions:
and we may consequently introduce gauge potentials A − , A i to solve the first two of these equations. To reduce the self-duality constraint, we will first convert to tangent space indices: H µνρ = e µμ e νν e ρρ Hμνρ , (3.4) where e µμ is a vielbein for the metric in (2.4). We then obtain the following useful relations:
In the tangent space, the self-duality constraint is simply
Combining this constraint with the relations in (3.5) then implies
where we have defined
We now propose an action for the gauge fields at finite φ:
In particular the equations of motion for A − and A i are
where
It is not difficult to show that these equations indeed follow from (3.3) and (3.7).
Let us now consider the matter fields. For the scalar fields, we have
Plugging (2.3) into (3.11), dropping x + derivatives, and rescaling fields to get canonical kinetic terms then gives the following scalar lagrangian:
Similarly, for the fermions we have
where Γ 012345 Ψ = −Ψ, andΨ = Ψ T C. After plugging in (2.3) and dropping ∂ + terms we obtain
Non-abelian Theory
The lagrangian L A +L X +L Ψ we obtained in the previous subsection can be non-abelianized as follows (all geometric quantities are those of flat space):
where g 2 Y M is a coupling constant with dimensions of length, 16) and
To describe N M5-branes we take the gauge group to be U (N ). This model enjoys the following supersymmetries: − is a solution to the Killing spinor equation for the metric in (2.3), as described in appendix C. Note that there are also non-constant solutions to the Killing spinor equations but we do not expect them to correspond to symmetries, as the theory is not conformal. This is also suggested by the holographic argument in section 2.
Further note also that the metric in (2.3) is invariant under the following rescaling of the coordinates, including φ:
where λ is a constant. As a consequence, the action (3.15) is invariant under the scalings 19) but only if we also transform the radial coordinate according to
Moreover, invariance of the supersymmetry variations implies that
Since (3.20) corresponds to moving the branes along the φ direction, the scaling symmetry is broken if we hold φ fixed. Remarkably, the theory we obtain from dimensionally reducing the M5-brane theory at finite φ corresponds to an Ω-deformation of the model considered in [11] which was obtained by non-Lorentzian rescaling five-dimensional super-Yang-Mills. While for Ω ij = 0 and φ = 0 we recover five-dimensional maximally supersymmetric euclidean Yang-Mills as studied in [6] . In the present context, the non-Lorentzian rescaling is controlled by the radial coordinate φ. In the next section, we will show that in the limit φ → ∞ the supersymmetry becomes enhanced and the theory becomes invariant under the rescalings in (3.18) and (3.19) . In this sense, the boundary theory can be thought of as the fixed point of a classical RG flow induced by taking φ → ∞.
Let us make some further comments. First we need to determine the coupling g 2 Y M . By comparing to the case Ω ij = 0 we can impose the usual relation for the gauge coupling of five-dimensional super-Yang-Mills in terms of the period 22) which is valid for spacelike or timelike reductions (e.g. see [6] ). Lastly we note that the action has a Chern-Simons-like term Ω ij dx i ∧ dx j and A is viewed as a 1-form in 1 + 4 dimensions with components (A − , A i ). Normally such a term is associated with a quantization of the coupling constant. However that does not seem to be the case here because the form of the action on the left hand side is manifestly gauge invariant, without compromising other symmetries. In the ABJM theory, quantization of the Chern-Simons coupling corresponded to performing an orbifold on the gravity side. Although this does not appear to be required in our context, we consider performing such an orbifold in appendix D.
Boundary Theory
In this section, we will take the φ → ∞ limit of the theory derived in the previous section and show that the supersymmetry becomes enhanced to 24 supercharges, providing a holographic realization of the classical RG flow mechanism proposed in [11] . We will also show that the resulting theory can be obtained from a null reduction of the M5-brane theory at the boundary.
M5-brane Reduction
We will first reduce the abelian M5-brane theory along x + in (2.4). The analysis is very similar to the one in section 3.1. In fact, all that changes is the last line in equations (3.5) and (3.7):
Let us now propose a lagrangian which encodes these dimensionally reduced equations of motion for the gauge fields:
where G ij is self-dual (but not subject to a Bianchi identity). The anti-self-duality of F immediately follows from varying the action with respect to G ij , which is essentially a Lagrange multiplier. From the point of view of the M5-brane, G ij can be identified with H ij− . Furthermore, the equations of motion for A − and A i are
which indeed follow from (3.3) and the second line of (3.7). It remains to derive a lagrangian for matter fields, but this is also straightforward. In particular, plugging (2.4) into (3.11) and (3.13), and dropping ∂ + terms gives
and
Our next step would be to find a non-abelian extension of the lagrangian
and supersymmetrize it. However, rather than do this we will instead consider obtaining the theory as a limit of the finite φ action along the lines presented in [11] . The final result will be the same.
Classical RG Flow
Let us now carefully take φ → ∞ of the theory constructed in section 3. Taking φ → ∞ in (3.15) will remove the terms which scale like e −φ , but the following terms diverge in this limit:
In fact we can write this as
where F + ij is the self-dual part of F ij . Note that the second term is a total derivative. Thus we see that finiteness of the dynamics in the limit φ → ∞ imposes the constraint
i.e. F is anti-self-dual. Hence, the divergent terms can be cancelled by introducing a self-dual Lagrange multiplier G ij which imposes that F is anti-self-dual. We then arrive at the following action: ε ijkl G kl . This is therefore the natural choice for the non-abelian generalization of (4.6). For U (N ) gauge group it describes N M5-branes on the six-dimensional space with the metric (2.8) and the restriction that x + is periodic with period 4πR + . This in turn corresponds to two copies of a null compactified Minkowski spacetime with x + ∈ [0, 2πR + ] along with reflecting boundary conditions at x + = 2πR + . Let us emphasize that this theory was obtained by a classical RG flow, along which the Yang-Mills coupling remains constant.
This is an Ω-deformation of the non-Lorentzian theory constructed in [19] and obtained as a similar RG flow in [11] , which can be identified as a null reduction of the M5-brane on R 1,5 . One can check that it is invariant under the following supersymmetries:
where and η parametrise the x + -independent solutions to the Killing spinor equation as described in appendix C (i.e. types II,III,IV). Note that there are 24 independent solutions, all of which satisfy Γ 012345 = . The constant solutions satisfy the further constraint Γ 05 = − but in addition we find 16 superconformal symmetries where is not constant.
Finally it is easy to see that the action in (4.10) is invariant under the following Lifshitz rescaling of the fields:
In this sense, the theory has conformal symmetry even though it has a dimensionful coupling.
Conclusion
In this paper we constructed the non-abelian field theories corresponding to N M5-branes compactified on a timelike fibration of AdS 7 overCP 3 which becomes null as we approach the boundary. In particular, the timelike reduction was constructed by considering brane embeddings at finiteCP 3 radius and turns out to be a non-abelian field theory with eight supersymmetries which resembles an Ω-deformation of five-dimensional euclidean superYang-Mills. We then took the radius to infinity inducing a classical RG flow whose fixed point has an additional 16 superconformal symmetries and a Lifshitz scaling symmetry. Moreover, we showed that the fixed point theory describes the (2, 0) theory reduced along a null direction in a conformal compactification of Minkowski space corresponding to the boundary of AdS 7 . A number of questions immediately present themselves. The first is to identify the precise symmetry group of the five-dimensional fixed point theory and understand how it is related to symmetries of the bulk theory (see [20] for a review of Lifshitz holography). Once the superconformal symmetry is identified, it would interesting to check if the theory is in fact UV finite. A closely related question is to understand the moduli space dynamics of the fixed point theory. The equations of motion for null reductions of the M5-brane theory without an Ω deformation were previously shown to reduce to motion on instanton moduli space [7] , familiar from the DLCQ description of the (2, 0) theory [12, 13] . In this description, the six-dimensional theory is recovered by taking the number of instantons to infinity but the moduli space is singular because of small instantons, which leads to conceptual and technical difficulties. It would be interesting to repeat this analysis for the model presented in this paper and see if the Ω-deformation helps regulate these singularities.
Lastly our results suggest a new paradigm for holography where the emergence of time appears to be a non-perturbative phenomenon, as studied in [6, 21] . Ultimately, it would interesting to see if this is a generic consequence of M-theory or just a peculiar feature of our construction. 
A.2 Gamma matrix conventions
The coordinate independent Clifford matrices of Spin(1, 10) are denoted Γ M and satisfy
In addition, the charge conjugation matrix satisfies C T = −C, C † = −C, C −1 = −C and we may take it to be C = Γ 0 . The antisymmetric product of Clifford matrices is defined with weight one:
We now decompose Spin(1, 10) into Spin(1, 5)×Spin(5) by splitting the eleven-dimensional index into worldvolume and transverse indices:
The fermions we introduce are single 32-component Majorana spinors and satisfy
In going to the light-cone we define
Then we can rewrite the projections conditions on the fermions as
with ε 1234 = +1. We also define
B Brane Embeddings
In this appendix, we will review the solutions to the Killing spinor equations in AdS 7 derived in [1] . First note that the seven-dimensional Dirac matrices used in that paper are given by
where the labels are understood to be tangent space indices. Moreover the Killing spinor equation is given by
Using the coordinates defined in section 2, the eight solutions obtained in [1] are then given by 4) and the rest are determined from these by
where B is defined by BγŝB −1 = γŝ * and has the explicit form B = −iσ 1 ⊗ σ 2 ⊗ σ 1 .
Noting that γ + γ − γ 1 ...γ 4 = −γ φ , standard results [16] imply that the amount of supersymmetry preserved by a brane embedding at constant φ is related to the number of Killing spinors which satisfy the chirality constraint
For finite φ, only 
C Killing Spinors
Let us look for solutions to the conformal Killing spinor equation
for the six-dimensional metric in (2.8) above, corresponding to the boundary φ → ∞ of AdS 7 . We refer to a Killing spinor as conformal if it has a non-zero η. Explicitly evaluating this equation we find four classes of solutions:
Here we use the notation that ± indicates the eigenvalue with respect to Γ 05 and the superscript (0) means that the spinor is constant. In all cases we assume that Γ 012345 = and hence Γ 012345 η = −η. Thus each type contains eight independent spinor components. Note that only type I has x + dependence. It is instructive to take the Ω ij = 0 limit so that the metric describes six-dimensional Minkowski space. In this case we see that the solutions above reduce to type I
Here type I and III have become degenerate. We can invert the third equation of type IV to find
+ and see that all four types correspond to the usual flat space ansatz
+ for various choices of − . In particular this solution corresponds to
which is dependent on x + and therefore will not survive the reduction on x + . The 24 transformations arising from + were shown to be a symmetries of the Ω ij = 0 case in [11, 19] . 
where S 4 is the volume form of the 4-sphere, and the radius is related to the flux through the 4-sphere by
where l p is the eleven-dimensional Planck length. As shown in [1] , AdS 7 is a Hopf fibration of a non-compact three-dimensional complex projective space,CP 3 . The AdS 7 metric is
where τ = x + /2R + and dω = J is the Kähler form ofCP 3 . Recall thatCP 3 is defined bȳ
where a = 0, 1, 2, 3 andz
In terms of homogeneous coordinates,
Let us reduce on x + to a euclidean IIA string theory [22] in a background given by 
11 = e 4Φ/3 F
10 − e Φ/3 F
10 ∧ dx
The equations of motion for ten-dimensional euclidean IIA supergravity are given [21] by varying where κ 2 is proportional to Newton's constant. Notice the non-standard signs appearing in the measure and kinetic terms for F (2) and F (3) , which are a result of reducing elevendimensional supergravity along a timelike direction. Although some of the gauge fields have kinetic terms with a non-standard sign, this is not necessarily problematic since unitarity is not defined in euclidean signature.
Recall the usual relations with R str = N 2/3 l str . Thus we can trust the low energy supergravity approximation to Mtheory or euclidean type IIA string theory when N 1. But the string theory description is never weakly coupled.
To obtain a weakly coupled euclidean type IIA description away from the boundary we could impose a further Z k orbifold on the timelike S 1 fibre. However unlike the ABJM case this does not seem particularly natural, in part because the dual field theory has a coupling constant g 2 Y M ∼ R + with dimensions of length and which is not subject to a quantization condition. Nevertheless let us impose by hand the additional orbifold x + ∼ = x + + 4πR + /k for some k ∈ {1, 2, 3, ...}. This will not change the supergravity fields but does change the length of the eleventh-dimension to R 11 = 2R + /k. As a result we now find l str ∼ k In terms of the dual field theory the Z k orbifold means that we restrict the M5-brane dynamics to be periodic under x + → x + +4πR + /k. Thus for k ∈ {1, 2, 3, ...} we are looking at a subsector of the original theory. From the point of view of the worldvolume theory this means that the coupling is shifted to
Given the usual interpretation of the instanton-solitons with instanton number n as representing momentum modes with momentum n/2R + we now see that the only momentum modes are kn/2R + . Thus we are projecting out all momentum modes that are not compatible with the periodicity x + → x + + 4πR + /k.
